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ABSTRACT: In this article we used the Reduction-to-First —Order method to solve the systems of second order boundary value problems.
Two examples are presented to get exact solution, which illustrate the effectiveness of the method.
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1. INTRODUCTION
Reduction to first order (RFO) method is presented to find the exact
solutions of second order obstacle, unilateral and contact problems
described in its general form as:

fx) a<x<c,
') ={g@ux)+fx)+r c<x<d, )
fx) d<x<b,

With the boundary conditions, u(a) = @; and u(b) = a,, where
@, , a, are constants. The continuity condition of u(x) and u'(x) at
c and d are also applied. Here f(x) and g(x) are the continues
functions on [a, b] and [c, d] respectively.

Generally it is impossible to acquire the analytical form of the
solution of for the arbitrary choice of f(x) and g(x). For this
purpose some numerical methods are opted in recent years to get
approximate solutions of the problems of the kind (1). Such type of
systems arise in the study of obstacle, unilateral and contact
boundary value problems and have important applications in other
branches of pure and applied sciences.

In 1987, M. A. Noor and A. K. Khalifa solved the unilateral
problems using cubic spline method in [1]. M. A. Noor and S. I. A.
Tirmizi used the technique of finite difference to solve obstacle
problems [2] in 1988. E. A. Al-Said used spline [3], smooth spline
[4] and cubic spline [5] methods to find the numerical solutions of
system of system of second order boundary value problems in 1996,
1999 and 2001 respectively. The same second order problems has
been solved using a parametric cubic spline approach [6] in 2003 by
A. Khan and T. Aziz. In 2010, the solution of same second order
system of boundary value problems was solved numerically using
Galerkin’s finite element formulation by S. Igbal et al [7], also S.
Igbal solved the second order obstacle problem using cubic
Lagrange polynomial in Galerkin’s finite element fashion [8]. The
numerical solutions of obstacle problems of second order have been
given by G. B. Loghmani et al using B-spline function [9] in 2011.
A spatially Adaptive Grid Refinement Scheme was used for the
Finite Element solution of a Second order Obstacle Problem in [10]
by S. Igbal et al in 2013.

Reduction-to-First-Order Method (RFO) was introduced by L. E.
Nicholas Afima [11] in 1991. In 2013, RFO was presented first time
at any forum in a workshop held at 11" Conference on Frontiers of
Information Technology by A. M. Siddiqui and T. Haroon [12].
Reduction-to-First-Order Method requires a suitable transformation
to reduce the order of the second order linear nonhomogeneous
differential equations with constant coefficients. These reduced
order differential equations can then be solved using the integrating
factor technique. To illustrate the general utility of the method two

examples of second order obstacle problem are presented. This
method is also applicable to linear equations of higher order with
constant coefficients.

2. REDUCTION TO FIRST ORDER (AN ALGORITHM)
The formulation of the working algorithm of the Reduction —to-
First-Order Method can be expressed in the following way [11],
[12]:

(@) Write the governing differential equation
u”+mu' +nu = h(x) )
(b) Factorize equation (2) as
(u' = au) — B(u' — au) = h(x) ©)]

and the equating of coefficient shows that @ + f = —m
and af = n, so that a and B are the roots of the quadratic
equation A2 + mA +n = 0.
(c) Introduce the new variable
z=u—au 4)
So that, equation (2) will reduce to the first order linear
differential equation as

z' = Pz = h(x) ®)
With integration factor e ~#*
(d) Solve equation (5) for z
z = CeP* + ef* [ e PXh(x)dx (6)
(e) Restore the original variable u by equation (4), once again

first order linear differential equation will appear, which
will be solved by method of integrating factor to find the
solution of equation (2).
3. ILLUSTRATIVE EXAMPLES TO DEMONSTRATE
REDUCTION TO FIRST ORDER
In this section the solution of two second order obstacle problems
are given using Reduction-to-First-Order method.
EXAMPLE 3.1. We consider the second order obstacle problem of
the following form
0 forOSx<£and3—n<xSn
u” = : 4311 (7)
u—1 for TSxX=—
With the boundary conditions u(0) = u(r) = 0.
The analytical solution for the above mentioned example is given by
[1]-[10]:
{ 4x
I

T
— or0<x<-—
n+4coth§ f 4

4cosh (g—x)

u= for%SxSS—n (8)

nsinhg+4cosh% 4
4(m—x)
L m+4co th%

The problem is divided in to three cases,

3
forT<xS1t
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Casel(O <x< %)

In this case, we have the following differential equation with
boundary conditions,

u'(x) =0,u(0) =0,u G) =c 9)
Where c is constant. After solving equation (9), we have
Um0 =% (10)

Casez( <x< )

In this case, we have the following differential equation with
boundary conditions,

u'(x)—ulx)=-1u (4) =cu ( 4) =b (11)
The equation (11) is rearranged as

') —u'(x)+u'(x) —ulkx) =-1 (12)
(u'(x) - u(x)) +u'(x) —ulx) = -1 (13)

A new variable z is introduced such that
z=u'(x) —ulx)
so equation (11) become
() +z(x)=-1
(14)
which is first order linear differential equation.
Now, by using integrating factor (IF) method, the solution is
z(x) = -1+ De™™ (15)
Where D is constant of integration.
Restoring the original variable u, the differential equation became,

u'(x) —u(x) =—-1+De™* (16)
Using IF method the obtained solution is
u(x)=1- ge"‘ + Ee* 17)

Where E is constant of intation.
The boundary conditions are applied to obtain the value of D and E,

3n n T
2e 4 (1—b—e2+cez)

D=— (18)

T _17-:—811 bt
F= e_i<1—c—ef+be?> (19)

—1+e™
Putting the values of D and E, the solution is,

3m_, n n Tix T T
e4 (1—b—e2+ce2) e 4 (1—c—ez+bez)

[rrsrr](x) =1+ it +
(20)

—1+e™

Case3(3—” <x< n)

4

As in Casel, we have the following differential equation with
boundary conditions

u(x)—Ou( )—bu(n)—O (21)
After solving equation (21), we have
(m q (x) = 4b(rr x) 22)
Hence
( 4% for0<x< %

3n_, T o T,
e4 (l—b—ez+cez) et (1 c— e2+bez)

ux) = e 3m
) {” T e forisxs=7
4b(m—x) 3
=2 = <
( - for -<x<m

(23)
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Now, to obtain continuous solution for the given obstacle problem,
following continuity conditions are used to find the values of b and

lim, == w'(x) = lim__x+ w'(x) (24)
4 4

lim s u'(x) = lim o+ u'(x) (25)
4 4
We get
(-1+ef)
b=c=——F"= (26)
4+4e2-m+me?
By substituting values of b and ¢ in equation (23).
We have,
4| -1+ g
|( 7(;18))(“ for0§x<z
| 4+4e2-m+me2 4
—4e —4ez’f—ez+x( 4+n’)+eT+x(4+n))
u(x) = forESxS3—n
4—n+ef(4+n) 4 4
| 74(_“9%)(”_7() for Mex<n
k 4+4e%—n+ne% 4 -
(27)

After simplification, we get the exact solution as presented in
equation (8).

T U
4(&4—9_4))( -
T T T T fOT 0 <x<-
4e 4+4e4—me d+med 4
(4-1)+(4+1) 74 i P 3
-7 m)ez—4e —4e 4 3
u(x) = - for =< x<—
4—-m+ez(4+m) 4 4
T _m
4—(64—6 4)(n—x) 3
T [ T T for —<x<T7
4e 4+4et-me d+med 4
(28)
4x b3
— for0<x< 7
7r+4—<—e4+e ;)
ed—e 4
2e7 %4207 T 3n
ulx)={1-—77—= T Jor TSx<—
() g(e4—e‘4)+2(e4+e 4) 4 4
4(m—x 3m
% for S <x=m
n+4—<—e4+g ;)
eh—e &
(29)

efre?

- . ef—e 0
Since sinhf = and cosh =

EXAMPLE 3.2. Here we consider a second example of system of
boundary value problem of the following form:
., 2 forOSx<Eand3—n<xS7t

u = : 4371' (30)
u+1 for " <x< -

With boundary conditions w(0) = u(x) = 0. The analytical solution

for the above mentioned example is given by [9].

24 ( (n?-16)sinh _ E)x

T
P T fOT 0<x<-
4nsmhz+1écush; 2 4

_ (2 —16)cosh(g—x)

™ 3n
= IT<cx<=
u(x) far‘}_x_4

4-nsinh%+16wsh%
(nz—lé)sinhg - 37
e — T — 2 <
kx (4nsinh%+16msh%) (m—x)+ 2 (m—3x) for L SX=T
@31

The problem is divided into three cases,
Casel(O <x< E)
4

In this case, we have the following differential equation with
boundary conditions,

u'(x) =2,u(0) =0,u (E) =c (32)
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Where c is constant. After solving equation (32), we have
[ )(X) ﬂ——+x (33)

Casez( <x< 4)

In this case, we have the following differential equation with
boundary conditions,

u'(x) —ulx) = 1,u(4) =c, u(4) =b (34)
The equation (34) is rearranged as

uW'@) —u ) +u'(x) —ukx)=1 (35)
(u'(x) - u(x)) +u'(x) —ulx) =1 (36)

A new variable z is introduced such that
z=u'(x) —ulx)
so the equation (34) become
Z(x)+z(x) =1 (37)
which is first order linear differential equation.
Now, by using integrating factor (IF) method, the solution is
z(x) =1+ De™™*
(38)
Where D is constant of integration.
Restoring the original variable u, the differential equation became,

u(x)—ukx)=1+De™* (39)
Using IF method the obtained solution is
u(x) =—-1- ge"‘ + Ee* (40)

Where E is constant of integration.
The boundary conditions are applied to obtain the value of D and E,

31 ks b3
2eT<—1—b+e5+ce7)
p=-"7>1 " (41)

—-1+e™
e_%<—1—c+eg+be§)
E=—"7-—/—* (42)
—1+e™
Putting the values of D and E, the solution is,

i3

L T n T T
e4 (—1—b+ez+cez) e 4
+

x T T
(—1—c+ez +bez)

—1+e™

(43)

[n 3n](x) = P
Case3( <x< n)
As in Casel, we have the following differential equation with
boundary conditions

w6 = 2,u(F) = bum =0 (44)

After solving equation (44), we have
(16b+m(3m—4x))(T—x)

(e ) = = (49)
Hence
( dex WX 2 foro<x<Z
T 4 4
37 n T us z z
& *(-1-b+ez+cez T (-1-creZ+be?
u(X):ﬁ_ e ( e ce)+e ( ct+e e) f0r£§XS3—n
—1+em —l+e™ * ¢
| (asb+n(3n-4n)(x—x) for T<xs<m
4 *

(46)
Now, to obtain continuous solution for the given obstacle problem,
following continuity conditions are used to find the values of b and
C.

lim,_ = u'(x) = lim u'(x) 47)
4 4

lim _sn-u'(x) = lm__ e u'(x) (48)
4 oy

We get
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n(—4+4eg+n+neg)
b=c=- (49)

4(4+4eg—n+neg)
By substituting values of b and ¢ in equation (46). we have,
u(x) =

ix(—4—n—M+4x) for05x<§

™
4-m+e2(4+m)

Ixf, Tax STy
e"4 | 4ed ¥ (—a+m)—4e 4 T (4+m)—e™(-16+m%)—e?¥(-16+n?)

™ 3m
for—<x<—
z 4 4
4| 4-m+e2(4+m)

L2 s
4n(—4+4ez +n+nez)
7ﬁ+n(3nf4x)) (m—x)

a+4e2-m+me?

3m
for—<x<m
4n 4

(50)
After simplification, we get the exact solution as in equation (8).

u(x) =
x4 (-1 o2 ),
4 4-m+eZ (4+m)
(—16+nz)CoshG(n—2x))

b3 3m
-1 for —<x<—
4(4Coshz+nSmh?) 4 4

5 —sm (T[Z—lﬁ)(e%—l)
* +( 2 4n(e%—1)+16(e%+1) *

2 ( (nz—lé)(e%—e_%) )

Xt T | X
411’(@4—2 4)+16(e4+e 4)
(—16+n2)605h(%(n—2x))

4 3m
-1 for - <x<=—
4(acosnZ+msinh) 4 4

et
ol

ed—e 4)+16(e4+e 4)

for05x<§

(n3—15n)(ei—1) + T[_z for 3n <x<nm
2 4 -

3 T
471(82—1)+16(22+1)

f0r0£x<§

)(n x)+ (mr—3x) for—<x<n

4, CONCLUSION

In this article, Reduction-to-First-Order Method has been presented
to solve the systems of second order boundary value problems. Two
examples of second order obstacle, unilateral and contact problems
demonstrated the exact solutions. RFO always gives the solution
using the first order linear method and for higher order differential
equations no other special treatment is required.
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